We have constructed an ǫ-finite basis of master integrals for all new types of one-scale tadpoles which appear in the calculation of the four-loop QCD corrections to the electroweak ρ-parameter. Using transformation rules from the ǫ-finite basis to the standard "minimalnumber-of-lines" basis, we obtain as a by-product analytical expressions for few leading terms of the ǫ-expansion of all members of the standard basis. The new master integrals have been computed with the help of the Padé method and by use of difference equations independently.
Introduction
In many multi-loop calculations the standard method to calculate physical observables is to use the traditional integration-by-parts (IBP) method in combination with Laporta's algorithm [1, 2] in order to reduce all appearing integrals to a small set of master integrals. Once this reduction is completed one is left with the calculation of the master integrals, addressed in this work. One physical quantity which has recently been evaluated applying these methods is the contribution from top-and bottom-quarks to the ρ-parameter at four-loop order in perturbative QCD [3] . A subsequent independent evaluation of the same quantity has been performed in ref. [4] . This completes the partial result from the so-called singlet term already determined in ref. [5] . For the ρ-parameter, the result can be expressed in terms of 63 four-loop tadpole master integrals. A subset of 13 master integrals was already required in earlier four-loop calculations, like the determination of the matching condition for the strong coupling constant α s at a heavy quark threshold in the modified minimal subtraction scheme [6, 7] and the evaluation of the two lowest terms of the Taylor expansion of the vacuum polarization function [8, 9] . This subset of master integrals has been evaluated in ref. [10] with high precision using the method of difference equations [1, 2, [11] [12] [13] . All results relevant for the four-loop calculation of ref. [10] have been confirmed with a completely different method (see below) in ref. [14] . Some of these master integrals have also been found in refs. [5, 13, [15] [16] [17] [18] [19] [20] [21] . A different method, based on the idea of the ǫ-finite basis, has been suggested in ref. [14] . In this approach one avoids so-called spurious poles in the coefficient functions, which multiply the master integrals. These poles may arise in general while solving the linear system of IBP equations, when a division by ǫ = (4 −d)/2 occurs. Master integrals which have a spurious pole as coefficient need to be evaluated deeper in the ǫ-expansion. The calculation of each additional order in this expansion of a master integral is in general increasingly tedious. In contrast, the approach of the ǫ-finite basis exploits the freedom in the choice of master integrals in order to select a basis of master integrals in such a way that the coefficients, being functions in the space time dimension d, are finite in the limit ǫ → 0. In ref. [14] the ǫ-finite basis, shown in fig. 1 , has been constructed for the subset of 13 master integrals discussed above.
All of them have been calculated semi-analytically. For the problem of the four-loop QCD corrections to the ρ-parameter an ǫ-finite basis with more elements is required which is constructed in the following. The corresponding master integrals are particularly suited for the evaluation by a semi-numerical method based on Padé approximations [14, 22, 23] . Most of the results are checked independently by the method of difference equations and have been used for the Figure 1 : Diagrams of the subset of 13 master integrals of the ǫ-finite basis addressed in ref. [14] . Note that the last four diagrams are known completely analytically and are not considered in the construction of the ǫ-finite basis.
evaluation of the ρ-parameter in ref. [3] . They are in full agreement with those recently published in [4] . This paper is structured as follows. In the next section we present the results for the master integrals in the ǫ-finite basis, calculated by the Padé method. Then, in section 3, we give results for the master integrals in the standard basis evaluated by difference equations. In this case we also include the analytical information obtained in section 2. Our summary and conclusions are given in section 4.
The master integrals in the ǫ-finite basis
For the construction of the ǫ-finite basis we follow the algorithm described in reference [14] . In the evaluation of the ρ-parameter we have again a vast choice in defining the ǫ-finite basis with elements suitable for the Padé method. We exclude 14 diagrams from the construction of the ǫ-finite basis, which are known to high orders in ǫ analytically or even completely analytically. Four of them are depicted in fig. 1 (T 4,1 , T 5,1 , T 5,3 , T 6,3 ), the remaining ones are listed in appendix A.
The application of the method [14, 22, 23] to the actual calculation of the ǫ-finite integrals is straightforward. The only adjustment necessary arises from the appearance of massless cuts inherent in many of the relevant diagrams. In addition to the function used to subtract the high energy logarithms, a second function was introduced to subtract the logarithms appearing in the calculation of diagrams with a massless cut in the low energy limit. This approach was also verified by recalculating the diagrams presented in fig. 1 (e.g. T f 6,4 ); this time performing the cut in such a way that a self energy diagram with a massless cut arises. Full agreement between the two approaches was observed. Following this procedure we again calculate all divergent parts of the diagrams analytically, and the constant part in the limit ǫ → 0 numerically. All the digits of our numerical results in eqs. (3)- (20) are valid digits. The analytical information of the expansion then allows to study the cancellation of all divergences in the physical problem during the renormalization procedure analytically. Just as in the problem of the diagonal current, some diagrams are simultaneously members of the standard and the ǫ-finite basis. These integrals are discussed in section 3. Now we give the results for the integrals which are different in the two bases, i.e. the replaced integrals due to the existence of a spurious pole. As in ref. [14] the name of the ǫ-finite master integral is deduced by using the name of the original master integral, which has been replaced, and the additional superscript letter "f ". The loop integrals are defined as follows,
with
The momenta p j are defined by the diagrams shown below as a linear combination of the four loop momenta k i . For briefness we set the single mass scale m of the integrals in the following m = 1, thus m j ∈ {0, 1}. Dashed(solid) lines in all the diagrams denote massless(massive) propagators. The integration measure is given by [ 
where γ E = 0.577216 . . . is the Euler's constant. In this conventions the one-loop tadpole reads:
with the Riemann zeta function ζ n and the poly-logarithm function Li n (z) being defined by:
3 The master integrals in the standard basis
The results from the previous section can also be translated into analytical results for the standard "minimal-number-of-lines" basis for a few leading terms of the ǫ-expansion by using the IBP-relations between both bases. Since the order ǫ 0 of the ǫ-finite master integrals in section 2 is known numerically, one can also derive one additional order numerically through the IBP-relations for the members of the standard basis from the ǫ-finite one. On the other hand one can perform a formal expansion of the standard master integrals:
and insert it into the IBP-relations, which express the ǫ-finite master integrals of section 2 in terms of the standard ones. Here we denote each of the master integrals according to the following rule: after a capital letter "T " we write the number of lines (index i) in the given diagram. The second number (j) enumerates the different topologies with the same number of lines. If a particular order k of the ǫ-expansion of the master integral T i,j is considered, it is denoted by an additional last index (k). After performing the ǫ-expansion of the IBP-relations one compares then the different orders in ǫ and obtains thus a linear system of equations. Its solution gives additional relations among particular orders of different master integrals. They are given in appendix B.
Another very convenient approach for evaluating master integrals with eight or less number of lines is given by the numerical solution of difference equations [1, 2, [11] [12] [13] . This method has been applied directly to the diagrams of the standard basis providing an independent check of the results in the previous section and leading to much higher numerical accuracy. The idea of this method is described in detail in ref. [1] , we restrict ourself on a brief sketch. In this approach one of the massive propagators is raised to a symbolic power x
and the IBP-method is used to construct difference equations for the master integrals by solving a linear system of equations. The appearance of two variables, the space-time dimension d and the power x, complicates the solution of the system of IBP-identities. It is solved with the help of a modified version of the setup described in ref. [24] using Form [25] [26] [27] and Fermat [28] . In the case of the ρ-parameter also master integrals with increased powers of a propagator appear. Then the increased power is chosen in such a way that it is carried by the propagator D 1 , which carries in the above approach the symbolical power x. In this case the integral is obtained as a by-product of the solution of the integral without extra power. The difference equation for J(x) can be written in the form
where p j and q (n) j are polynomials in x and d. K (n) (x) are sub-topologies of J(x), i. e. topologies with at least one propagator less, which also satisfy difference equations. At this point the solutions for the sub-topologies are assumed to be already known.
The solution is split into several parts determined by using a factorial series
as an ansatz. From the difference equation one gets the values of µ i and K i and a recursion formula for the coefficients a h (x). The full solution is given by
with functions η k (d), fixed by boundary conditions. The η k (d) can be determined from the low energy expansion of the self-energy diagram which one obtains by cutting the line that carries the power x in the diagram J(x). To obtain a numerical result, the coefficients a
s are calculated as an expansion in ǫ = (4−d)/2 up to a pre-defined depth ǫ max . Summing the series to a specified s = s max and estimating the remainder gives the numerical result.
This method provides a possibility to calculate the ǫ-expansions of master integrals with high numerical precision up to high orders of ǫ.
Integrals that we did not calculate by difference equations have been constructed from the ǫ-finite basis. The lowest order, which is only known numerically, can also be obtained through the IBP-relations from the ǫ-finite basis, calculated by the Padé approach, but with less precision. The precision obtained with the Padé approach is marked in the results with an underlined ( ) digit. For 11 integrals (T 7,10 , T 7,11 , T 7,12 , T 7,13 , T 8,3 , T 8,5 , T 9,3 , T 9,4 , T 9,5 , T 9,6 , T 9,7 ) more precise numerical results have in the meantime been obtained in ref. [4] . They are appended in the following to our results and separated by a vertical bar (|). All given digits of our numerical results are valid digits. The results for the master integrals read: 
with the symbol s 2 defined by:
In ref. [4] the set of master integrals has been chosen slightly different. Instead of the topologies T 5,9 and T 7,11 the topologies T 5,11 and T 7,17 have been chosen as master integrals. These different master integrals can be related to each other by the IBP-relations. For these integrals we also give the analytical results, which we obtained for the leading ǫ-orders: 
All results are in full agreement with those published in [4] . An overview over the different members of the two sets of master integrals discussed in section 2 and 3 is given in table 1.
Finally, we want to make a few comments about the results for the master integrals in the standard basis as collected in eqs. (27) -(69).
• For the calculation of the ρ-parameter the coefficients of the master integrals shown in eqs. (27) -(69) suffer from not more than a 1/ǫ 2 -pole. On general grounds it is clear that in any foreseeable four-loop calculation one would always need the analytical terms, displayed in eqs. (27) -(69) of the ǫ-expansion of a master integral and additionally up to at most the order ǫ 2 for the ρ-parameter. Thus all other higher order ǫ-terms, shown in eqs. (27) -(69), will become physically relevant only for five and more loops.
• The use of the ǫ-finite basis allows for an easy and automatically analytical determination of a "trivial" part (that is eventually expressible through the three-loop tadpoles) of the ǫ-expansion of a four-loop tadpole master integral [14] . This is just enough to control the cancellation of the UV poles during the renormalization procedure in completely algebraic way. In order to have the final physical result completely analytically one needs to know at most one more term in the ǫ-expansion of the members of the ǫ-finite basis in an analytical form. In relatively simple cases this could be achieved with analytical summation of auxiliary series constructed with the help of either the differential relations [29] [30] [31] [32] or the difference ones [1, 2, [11] [12] [13] . For recent progress in this direction see e.g. [18, 19, 33, 34] and references therein.
Set of master integrals, which are equal in both basis M eql = {T 6,11 , T 7,13 , T 8,6 , T 9,5 , Table 1 : The standard basis is given by M eql ∪ M std ∪ M ana . The ǫ-finite basis is given by M eql ∪ M epf ∪ M ana . Note that the simple master integrals in the set M ana have not been replaced in the case of the existence of a spurious pole in the coefficient function, since these master integrals are known analytically to high orders in ǫ. The master integrals of the table, which have not been given in this work can be found in ref. [10, 14] .
• One should, however, keep in mind that the numerical accuracy of the Laporta method of computing master integrals is huge (30-50 digits!). This means that the availability of a completely analytical result is absolutely irrelevant for phenomenology.
Conclusions
We have constructed an ǫ-finite basis for problems related to the ρ-parameter. The calculation of the elements of this basis via the Padé method allows to obtain a lot of exact analytical relations among various terms of the Taylor expansion in ǫ of the master integrals. In particular we found analytically the pole parts of the master integrals in both bases, the standard and the ǫ-finite one. For some members of the standard basis analytical results are also obtained for orders beyond the pole part. With the help of the ǫ-finite basis the cancellation of all divergences during the renormalization procedure can be done analytically. These relations are indispensable for any attempts to provide, say, the four-loop QCD contributions to the ρ parameter in a completely analytical form. They also serve as a powerful check of available numerical results. We find full agreement with the results of the standard basis also calculated in ref. [4] . The conversion between the two descriptions as well as all the results presented in this work will be made available in computer readable form under the URL http://www-ttp.physik.uni-karlsruhe.de/Progdata/ttp06/ttp06-30. 
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